We have been testing the theory used to calculate internal-conversion coefficients (ICCs) by making a series of measurements of α K values with precision better than ±2%. 
Introduction
Except for the very lightest nuclei, where internal conversion is weakest, most nuclear decay schemes depend upon calculated internal conversion coefficients (ICCs). Electromagnetic decay intensities are usually determined from gamma-ray measurements combined with calculated ICCs. Consequently, the reliability of the calculations is a matter of some importance, especially where precise decay-scheme data are required, for example in detector calibration. Until quite recently, although various tables of calculated ICCs were readily available, most ICC 2 measurements were relatively imprecise, being aimed only at determining transition multipolarities. Rarely were they precise enough to distinguish among the different calculations or indeed to establish if any of the calculations reproduced reality. We are rectifying this deficiency.
When we began our program of precise measurements in 2004, the then-current survey of world data included barely twenty ICC values measured to ±2% or better, and eighty more with up to 5% precision. They were divided 45-55 between K-shell ICCs (α K ) and total ICCs (α T ), respectively . Based on these data, the authors concluded that all previous tables of ICCs exhibited a 3% systematic bias, but that a table by Band et al. (2002) , which was new at the time, agreed well with the data (within ~1%). This new table was calculated in the framework of the Dirac-Fock method, with the exchange between bound electrons as well as between bound and free electrons treated exactly, an important improvement. Unfortunately, however, the best agreement with the available experimental data was achieved with a version of this calculation in which the final-state electron wave-function was computed in a field that did not include any provision for the atomic vacancy created by the conversion process. Yet the vacancy must be there, since it can easily be shown (e.g. Hardy et al. 2014 ) that atomic-shellvacancy lifetimes are generally much longer than the time for a conversion electron to leave the vicinity of the atom. This is an unsatisfactory paradox! We found ourselves uniquely positioned to potentially resolve the paradox. For a completely different purpose, we had efficiency calibrated an HPGe detector to high precision over a wide range of energies. This would allow us to measure the K x rays and γ rays from a converted transition in the same well-calibrated detector, thus affording access to the transition's α K value with a minimum of systematic uncertainty. We have focused on high-multipolarity transitions for two reasons. First, they tend to have a longer lifetime, which makes it easier to isolate them experimentally from other competing decays; and second, the difference between α K values calculated with and without the vacancy increases with the multipolarity of the transition , which makes the outcome of the measurement more definitive. Considered individually and collectively, our results produce a clear and consistent picture of the validity of calculated α K values at the one-percent level.
Experimental method
For an isolated electromagnetic transition that converts in the atomic K shell, the observation of a K x ray is a signal that an electron conversion has taken place; whereas a γ ray indicates that no conversion has taken place. If both x rays and γ rays are recorded in a measurement, then the value of α K is given by
where ω K is the K-shell fluorescence yield; N K and N γ are the respective peak areas of the K x rays and the γ ray; and ε K and ε γ are the respective detector photopeak efficiencies. For the 4 fluorescence yield, we use the evaluation of Schönfeld and Janssen (1996) , which quotes ω K values typically to better than ±0.5% precision.
The key to any experimental application of Eq. (1) is the precision with which the ratio of detector efficiencies is known. In our case, the HPGe detector we use to observe both γ rays and K x rays -simultaneously in the same spectrum -has been meticulously calibrated for efficiency to sub-percent precision, originally over an energy range from 50 to 3500 keV (Hardy et al., 2002; Helmer et al., 2003 Helmer et al., , 2004 , but more recently extended with ±1% precision down to 22.6 keV , the average energy of silver K x rays. Over the whole energy range, precisely measured data were combined with Monte Carlo calculations from the CYLTRAN code (Halbleib et al., 1992) to yield a very precise and accurate detector efficiency curve.
Strictly speaking, Eq.
(1) only applies to a single isolated electromagnetic transition and such a situation is rarely met in nature. Of the nine transitions we have measured, only two fully satisfy this condition: those in 193 Ir and 137 Ba (Nica et al., 2007 (Nica et al., , 2008 Cs (Nica et al., 2007 (Nica et al., , 2008 Pt in particular -the γ-ray peak from the low-energy transition is embedded among the K x rays and has to be very carefully corrected for.
Forming a third category are transitions whose cascaded partner does convert in the atomic K shell. The case of 111 Cd (Nica et al., 2016) appears in the lower right panel of Fig. 1 ; here the 245-keV transition is pure E2 and has a high enough energy that its K-conversion coefficient is about an order of magnitude smaller than that of the E3 transition of interest. The former can thus be accounted for without seriously degrading the precision with which the latter can be extracted. The situation is quite similar for the case of 125 Te (Nica et al., 2017b) .
Finally there are cases, like that of 127 Te (Nica et al., 2017a) , which are more complicated variants of one of the categories already described. As can be seen from the bottom left panel of Fig. 1 Ba was purchased; it is a common calibration source. For each activated source, sequential spectra were recorded for up to a month in order both to acquire adequate statistics and to enable decay-rate analysis useful in the identification of -and, if necessary, correction for -activation impurities interfering with xor γ-ray peaks needed for Eq. (1).
Results and Discussion
Of the nine transitions referred to here, we have obtained final α K results on eight. These results appear in Table 1 , where they are each compared with three different theoretical calculations, all made within the Dirac-Fock framework but with one that ignores the K-shell vacancy and two others that include it via different approximations: the "frozen orbital" approximation, in which it is assumed that the atomic orbitals have no time to rearrange after the electron's removal; and the SCF approximation, in which the final-state continuum wave function is calculated in the self-consistent field (SCF) of the ion, assuming full relaxation of the ion orbitals. Figure 2 plots the percentage differences between experimental and calculated α K values for two of the theoretical models: the no-vacancy version and the frozen-orbital version. Our eight completed measurements, which appear in Table 1 , are represented as solid circles in the figure.
Fifteen years ago, before we began our series of measurements, the survey of Raman et al. Ir measurementwithout it, the SCF χ 2 would be 1.6 (see the bottom line of the table) -but that result by itself is quite definitive: The experimental α K value differs from the SCF calculation by four standard deviations. This case was chosen in the first place because the 80.22-keV M4 transition leads to a ~4-keV K-conversion electron, which is the lowest energy for any available source;
consequently it is the most sensitive to the theoretical handling of that electron.
Not all of our measurements were selected because they were particularly sensitive to the vacancy/no-vacancy choice in the calculations. We were motivated to measure the transitions in 134 Cs and 197 Pt because their previously known results disagreed with both types of calculation (see Fig. 2 ). Perhaps they reflected additional problems with the theory. It is reassuring that both these cases turned out to have been experimentally incorrect; they were not anomalous after all. There was also an added bonus: Our precision in the 134 Cs case was sufficient for that result to serve as well to discriminate between the two classes of calculation.
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It is noteworthy that among the eleven precisely measured α K values in Fig. 2 , there are eight that statistically distinguish between the vacancy and no-vacancy calculations and they all present a consistent picture that favors inclusion of the atomic vacancy in ICC calculations. All but one of these cases come from our work.
Conclusions
We have made α K -value measurements on three E3 and six M4 transitions spanning the ranges 45 ≤ Z ≤ 78 and 103 ≤ A ≤ 197. Precise results from eight of these measurements are presented here. They represent a large fraction of all world data on α K values for highmultipolarity transitions that are known to better than ±2%. In total there are now eight cases of measured α K values that can contribute to answering the question of whether or not the atomic vacancy must be incorporated into ICC calculations. They all point to the need to include the vacancy, a conclusion that now fits with physical expectations based on a comparison of the known vacancy lifetimes and the time taken for the electron to exit the atom. Since these cases span a wide range of Z and A values, we can safely assert that this conclusion is generally applicable.
It is also true that the data show a preference for the frozen-orbital rather than the SCF approximation being used to account for the vacancy, but this is almost entirely based on one particularly sensitive case: that of the decay of Ir. Consequently we cannot pronounce the general validity of this preference, although we suspect it to be true.
Early results from our program influenced a reevaluation of ICCs by Kibédi et al. (2008) and the development of BrIcc, a new data-base obtained using the code by Band et al. (1993) , which is based on Dirac-Fock calculations. In conformity with our conclusions, a version of this code was used, which incorporates the "frozen orbital" approximation to account for the atomic hole.
The BrIcc data-base is available on-line for the determination of ICCs. † It has also been adopted by the National Nuclear Data Center (NNDC) and by the Decay Data Evaluation Project (DDEP). Obviously our more recent results have continued to support that decision by showing that the same conclusion applies to transitions in nuclei with a widening range of Z values. Nica et al. (2007) ; the bottom left is from Nica et al. (2016) ; and the bottom right is from Nica et al. (2017a) . results, the ones in gray having been replaced. The figure shows all α K values for highmultipolarity transitions (E3 and above) that are known to better than ±2%.
